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Week 8: Energy BandsWeek 8: Energy Bands
& Density of States& Density of States

AnnouncementsAnnouncements
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Remember the Electron Wave Remember the Electron Wave 
Functions for a H Atom?Functions for a H Atom?

*Used with permission from Kasap
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Fig. 3.21: (a) Radial wavefunctions of the electron in a
hydrogenic atom for various n and l  values. (b) r2Rn,l 2
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Electron Wave Function with Electron Wave Function with 
Two H AtomsTwo H Atoms

*Used with permission from Kasap
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ψσ* = ψ1s(rA) °  ψ1s(rB)

Bonding Molecular Orbital

Antibonding  Molecular Orbital

a

r

H

r
R = ∞

Two hydrogen atoms
approaching each other.

ψ1s(rA)

A B

H
rA

e–

ψ1s(rB)

rB
e–

Fig. 4.1: Formation of molecular orbitals, bonding and antibonding
( ψσ and ψσ∗ ) when two H atoms approach each other. The two
electrons pair their spins and occupy the bonding orbital ψσ.
From Principles of Electronic Materials and Devices, S econd Edition, S.O. Kasap (© McGraw-Hill, 2002)
http://Materials.Usask.Ca
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MultiMulti--atom Wave Functions atom Wave Functions 
CombineCombine

Two H atoms: the Two H atoms: the wavefunctionswavefunctions combine to combine to 
form new form new wavefunctionswavefunctions
– LCAO:

SymmetricSymmetric
–– wave are in phasewave are in phase
–– Constructive interference:Constructive interference:

AntiAnti--symmetricsymmetric
–– waves are out of phasewaves are out of phase
–– Destructive interference:Destructive interference:
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MultiMulti--atom Probability Functionatom Probability Function

*Used with permission from Kasap
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Fig. 4.2: (a) Electron probability distributions for bonding
and antibonding orbitals, ψσ and ψσ*. (b) Lines represent
contors of constant probability (darker lines represent
greater relative probability).
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Nodes of “Nodes of “AntibondingAntibonding””

Symmetric WavesSymmetric Waves
–– Probability peaks in center: Probability peaks in center: 

AntisymmetricAntisymmetric WavesWaves
–– Probability goes to zero in the middle: Probability goes to zero in the middle: 
–– NodesNodes: : 
–– Has a higher energyHas a higher energy
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HH22 Molecule Energy LevelsMolecule Energy Levels

*Used with permission from Kasap
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Fig. 4.3: Electron energy in the system comprising two hydrogen
atoms. (a) Energy of ψσ  and ψσ∗  vs. the interatomic separation, R.
(b)  Schematic diagram showing the changes in the electron energy as
two isolated H atoms, far left and far right, come to form a hydrogen
molecule.
From Principle s of Electronic Materials and Devices, S econd Edition, S.O. Kasap (© McGraw-Hill, 2002)
http://Materials.Usask.Ca
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Lowest Energy Configuration Lowest Energy Configuration 
is Stableis Stable

This results in bands, electrons both fill This results in bands, electrons both fill 
lower energy band (Elower energy band (Eσσ))
HH22 is favorable because this lowers the is favorable because this lowers the 
energy relative to individual H atomsenergy relative to individual H atoms
How about He?How about He?
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HeHe22 Molecule Energy LevelsMolecule Energy Levels

*Used with permission from Kasap

E1s

Eσ

Eσ∗

E1s

He-atom He-atomHe-He
System

Fig. 4.5: Two He atoms have 4 electrons. When He atoms
come together 2  of the electrons enter the Eσ and 2 the Eσ∗
levels so that the overall energy is greater than two isolated
He atoms.
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Solid (With Lots of Atoms)Solid (With Lots of Atoms)

*Used with permission from Kasap
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Fig. 4.9: As solid atoms are brought together from infinity,
the atomic orbitals overlap and give rise to bands. Outer
orbitals overlap first. The 3s orbitals give rise to the 3s
band, 2p orbitals to the 2p band and so on. The various
bands overlap to produce a single band in which the energy
is nearly continuous.
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N atomsN atoms
N (large number) atoms together in a solidN (large number) atoms together in a solid
–– N different wave functionsN different wave functions
–– N ways of combining wave functionsN ways of combining wave functions
–– N different energy levels for each wave N different energy levels for each wave 

functionfunction

Two electrons per a level resultsTwo electrons per a level results
–– Example of Li: 3 electrons per atomExample of Li: 3 electrons per atom

»» 1 electron per atom in 2s band1 electron per atom in 2s band
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Band Structure of LiBand Structure of Li

*Used with permission from Kasap
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Fig. 4.10: In a metal the various energy bands overlap to
give a single band of energies that is only partially full of
electrons. There are states with energies up to the vacuum
level where the electron is free.
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Metal Fermi Energy & Work FunctionMetal Fermi Energy & Work Function
EEF0F0: Fermi Energy (at 0K): Fermi Energy (at 0K)
–– Energy from bottom of Energy from bottom of 

valence band to highest valence band to highest 
energy state that is full energy state that is full 

–– States below this are all States below this are all 
full: above this are empty full: above this are empty 
(at 0K)(at 0K)

ΦΦ: Work function: Work function
–– Energy required to pull Energy required to pull 

electron from its outermost electron from its outermost 
full state to vacuumfull state to vacuum

–– Energy from highest energy Energy from highest energy 
state that is full to vacuum state that is full to vacuum 
(free electron)(free electron)
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Fig. 4.11: Typical electron energy band diagram for a metal
All the valence electrons are in an energy band which they
only partially fill. The top of the band is the vacuum level
where the electron is free from the solid (PE = 0).
From Principles of Electronic Materials and Devices, Second Edition , S.O. Kasap (© McGraw-Hill, 2002)
http://Materials.Usask.Ca
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Valence Electrons for Valence Electrons for 
SemiconductorsSemiconductors

Some major semiconductors are:Some major semiconductors are:
–– Column IV: Column IV: SiSi, , GeGe
–– Column IIIColumn III--V: V: GaAsGaAs, , InPInP
–– Column IIColumn II--VI: VI: HgTeHgTe, , CdSCdS

SiSi and and GeGe act like they have four valence act like they have four valence 
electrons when in reality they have 1 full s electrons when in reality they have 1 full s 
shell and 2 electrons in a p shellshell and 2 electrons in a p shell
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Lone Lone SiSi Atom Electronic Atom Electronic 
StructureStructure

*Used with permission from Kasap
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Fig. 4.14: The electronic structure of Si.
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SpSp33 HybridizationHybridization

When two (or more) When two (or more) 
silicon atoms near silicon atoms near 
each othereach other
–– the the ΨΨss, , ΨΨpxpx, , ΨΨpzpz, and , and 

ΨΨpzpz orbitalsorbitals overlap to overlap to 
form 4 form 4 ΨΨhybhyb orbitalsorbitals

We call this spWe call this sp33

hybridizationhybridization

*Used with permission from Kasap
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(a) Isolated Si

ψ
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(b) Si preparing to bond
Fig. 4.15: (a). Si is in Group IV in the Periodic Table. An
isolated Si atom has 2 electrons in the 3s and 2 electrons in
the 3p orbitals. (b) When Si is about to bond, the one  3s-
orbital and the three  3p-orbitals become perturbed and
mixed to form four hybridized orbitals, ψhyb, called sp3
orbitals which are directed towards the corners of a
tetrahedron. The ψhyb orbital has a large major lobe and a
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Covalently BondingCovalently Bonding

To fill the four spTo fill the four sp33 orbitalsorbitals, 8 electrons are , 8 electrons are 
neededneeded
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Silicon Covalently BondsSilicon Covalently Bonds

*Used with permission from Kasap
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Fig. 5.1: (a) A simplified two dimensional illustration of a Si
atom with four hybrid orbitals, ψhyb. Each orbital has one
electron. (b) A simplified two dimensional view of a region
of the Si crystal showing covalent bonds. (c) The energy
band diagram at absolute zero of temperature.
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Semiconductor TermsSemiconductor Terms
Conduction band:Conduction band:

Valence band:Valence band:

BandgapBandgap energy:energy:

Fermi energy:Fermi energy:

*Used with permission from Kasap
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SiSi OrbitalsOrbitals and Bandsand Bands

*Used with permission from Kasap
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Fig. 4.16: (a) Formation of energy bands in the Si crystal first involves
hybridization of 3s and 3p orbitals to four identical ψhyb orbitals which
make 109.5° with each other as shown in (b). (c) ψhyb orbitals on two
neighboring Si atoms can overlap to form ψB or ψA. The first is a bonding
orbital (full) and the second is an antibondiong orbital (empty). In the crystal
ψB overlap to give the valence band (full) and ψA overlap to give the
conduction band (empty).
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Semiconductor Band StructureSemiconductor Band Structure
At 0K, VB is full (electrons can’t conduct)At 0K, VB is full (electrons can’t conduct)
Electrons can be excited into the CB by Electrons can be excited into the CB by 
various means such as heat or lightvarious means such as heat or light
–– excitation leaves behind a holeexcitation leaves behind a hole
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F ig . 4 .1 7 : E nergy b and  d iagram  of a  sem iconductor.
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Conductivity of Semiconductors Conductivity of Semiconductors 
and Metalsand Metals

Our next goal is to relate the conductivity of Our next goal is to relate the conductivity of 
semiconductors and metals to the band structuresemiconductors and metals to the band structure
To accomplish this we want to calculate the density To accomplish this we want to calculate the density 
of states and density of electrons as a function of of states and density of electrons as a function of 
energy in the bandsenergy in the bands
To do the math we are going to treat our To do the math we are going to treat our 
semiconductors and metals as electrons in a boxsemiconductors and metals as electrons in a box
–– Fairly accurate portrayal of electron sea around lattice Fairly accurate portrayal of electron sea around lattice 

atomsatoms
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g(E)

EE

Fig. 4.20: The density of states, g(E) vs E in an energy band.

Density of States in a BandDensity of States in a Band
The density of states The density of states 
g(E) varies across a g(E) varies across a 
bandband
g(E) is the density of g(E) is the density of 
states at any one states at any one 
energyenergy
SSvv(E(E'): total number of '): total number of 
states per unit volume states per unit volume 
with energy less than with energy less than 
E E 

∫=
'E

0v dE)E(g)'E(S
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Solve for E in a 2Solve for E in a 2--D SquareD Square

*Used with permission from Kasap
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Fig. 4.21: Each state, electron wavefunction in the crystal,
can be represented by a box at n1,n2.
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Solve for E in a 3Solve for E in a 3--D BoxD Box
States with E less than States with E less than 
E’ will be those with E’ will be those with 
nn11

22+n+n22
2 2 +n+n33

2 2 < n’< n’22

From electron in a box From electron in a box 
model: model: 

The number of The number of orbitalsorbitals
less n’ are marked out less n’ are marked out 
by the volume of that by the volume of that 
spheresphere

*Used with permission from Kasap
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Fig. 4.22: In three dimensions, the volume defined by a
sphere of radius n' and the positive axes n1, n2 and n3, is all
the possible combinations of poisitive n1, n2 and n3, values
which satisfy n12+n22+n32 =  n'2.
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Total Number of States E<E’ Total Number of States E<E’ 
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Solve for g(E)Solve for g(E)
Now use the total number of sites for electrons Now use the total number of sites for electrons 
SSVV(E’) to solve for the density of sites for (E’) to solve for the density of sites for 
electrons at any E: g(E)electrons at any E: g(E)

This E is relative to zeroThis E is relative to zero
–– remember our integral was looking at energies from remember our integral was looking at energies from 

bottom (0) up to E'bottom (0) up to E'

We can also go the other wayWe can also go the other way
–– an integral from E' to an integral from E' to EEtoptop

–– this would result in a g(E) with a this would result in a g(E) with a EEtotopp--E term in itE term in it
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⎛π==
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g(E)

EE

Fig. 4.20: The density of states, g(E) vs E in an energy band.

Density of States in a BandDensity of States in a Band

We end up with a We end up with a 
parabola: we have to parabola: we have to 
look at in two steps look at in two steps 
because we know the because we know the 
density of states must density of states must 
go to 0 at each band go to 0 at each band 
edgeedge
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Solve for Density of ElectronsSolve for Density of Electrons

g(E) is the density of sites for electrons at g(E) is the density of sites for electrons at 
any Eany E
We can combine this with the probability We can combine this with the probability 
that the site is full (has an electron in it): that the site is full (has an electron in it): 
f(E)f(E)
This will tell us the density of electrons: nThis will tell us the density of electrons: n

( ) ( )dEEgEfn
band∫=
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